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Abstract. A prime p, an exponent, and a diffusion constant together specify a p-adic dif-
fusion equation and a measure on the Skorokhod space of p-adic valued paths. The product,
P , taken over the prime numbers of these measures with a fixed exponent is a probability
measure on the product of the p-adic path spaces. Bounds on the exit probabilities for
p-adic paths imply that the adelic paths have full measure in the product space if and only
if the sum, σ, of the diffusion constants is finite. Finiteness of σ implies that there is an
adelic Vladimirov operator, ∆A, and an associated diffusion equation whose fundamental
solution gives rise to the measure induced by P on an adelic Skorohod space. All moments
of the random variable that counts the number of components of an adelic path that have
journeyed outside of the ring of integers within a fixed time are finite. Given a simple
adelic potential V , we obtain a path integral representation for the dynamical semigroup
associated to the adelic Schro¨dinger operator ∆A + V .
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1. Introduction
The path integral formulation of quantum mechanics due to Feynman involves the con-
cept of a complex valued measure on an infinite dimensional path space [19, 21]. However,
Cameron showed in [11] that there are no such measures. The probability measures on path
E-mail address: weisbart@math.ucr.edu.
1
2 ON INFINITESIMAL GENERATORS AND FEYNMAN-KAC INTEGRALS OF ADELIC DIFFUSION
spaces that appear in the setting of diffusion are deeply linked to the desired measures in the
quantum framework and are potentially useful for making mathematically precise some of
the heuristics of the quantum setting. The mathematical theory of diffusion also plays a cen-
tral role in probability theory and is an important subject of study for its intrinsic interest,
for its application to the modeling of physical systems, and for its deep connection to a mul-
titude of mathematical fields. While its significance to the foundations of quantum theory is
a primary motivator of the present study, the results of the present study invite application
to more general analytical problems in the adelic setting. Torba and Zu´n˜iga-Galindo point
out in [32] some examples of research that motivate further study of pseudo-differential equa-
tions on the ring of rational adeles, namely, Haran’s discovery in [20] of a connection between
explicit formulas for the Riemann zeta function and adelic pseudo-differential operators and
Connes’ study of the Riemann zeta function in [12].
Weyl’s framework for quantum kinematical systems permits a natural generalization of
quantum kinematical systems with real configuration spaces to the setting where the con-
figuration space is a locally compact, Hausdorff abelian group [41, Ch. III. § 16, Ch. IV. §
14, § 15]. Quantum systems with a p-adic or an adelic configuration space fit into Weyl’s
general framework. Volovich proposed in [39] that the geometry of spacetime might be non-
Archimedean at ultra small distance and time scales because of the failure of measurement
at the Planck scale and the fact that the Archimedean axiom is fundamentally a statement
about subdivision of physically measurable quantities. In their seminal articles [37] and
[38], Vladimirov and Volovich initiated the study of quantum systems in the p-adic set-
ting. In [42], Zelenov studied Feynman integrals with p-adic valued paths and both Parisi
in [25] and Meurice in [24] proposed certain functional integrals where time is p-adic. The
last three decades have seen considerable interest in the study of non-Archimedean physics
and Dragovich, Khrennikov, Kozyrev, and Volovich provide in [16] an impressive survey of
research in this area with an extensive list of references.
Vladimirov introduced in [35] a pseudo-differential operator analogous to the classical
Laplacian and acting on certain complex valued functions with domain in the p-adic numbers.
He investigated the spectral properties of this operator in [36]. Prior to this, both Taibleson
in [31] and Saloff-Coste in [26] wrote about pseudo-differential operators in the context of
local fields. Saloff-Coste studied such operators in [27] in the more general setting of local
groups. Kochubei gave in [23] the fundamental solution to the p-adic analog of the diffusion
equation, with the Vladimirov operator, discussed by Vladimirov in [35, 36], replacing the
Laplace operator. He furthermore developed a theory of p-adic diffusion equations and proved
a Feynman-Kac formula for the operator semigroup with a p-adic Schro¨dinger operator as its
infinitesimal generator. The contemporary burgeoning study of p-adic quantum mechanics
at least in part motivated the study of diffusion in the p-adic setting in [2]. In this work,
Albeverio and Karwowski constructed a continuous time random walk on Qp, computed its
transition semigroup and infinitesimal generator, and showed among other things that the
associated Dirichlet form is of jump type. Already in [10], Blair studied diffusion in the
context of the ring of rational adeles. Torba and Zu´n˜iga-Galindo further explored adelic
diffusion in a recent article [32], introducing a metric structure under which the adeles
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become a complete metric space. They used this metric structure to define pseudo-differential
operators and an associated family of parabolic type equations whose fundamental solutions
give rise to the transition functions of a Markov semigroup. Seeking to better understand the
adelic Feynman integrals discussed by Djordjevic´, Dragovich, and Nesˇic´ in [18] and Dragovich
and Rakic´ in [17], we investigate the adelic path integral in the probabilistic setting. We
will follow the approach of [34] for the construction of adelic diffusion. While our operator
appears to be different from the one Torba and Zu´n˜iga-Galindo present in [32], we answer
at least in the present context their call to study adelic Schro¨dinger equations together with
associated Feynman and Feynman-Kac integrals.
The current work should find application to several areas. Schwinger studied the founda-
tions of quantum mechanics in a series of papers [28] and gave a systematic account of these
foundational ideas in [29]. Among these papers, Schwinger studied the finite dimensional
approximation of quantum mechanical systems by working with finite configuration spaces
in [30]. Digernes, Hustad, and Varadarajan explored more generally the finite approxima-
tion of Weyl systems in [13]. Digernes, Varadarajan, and Varadhan in [14] extended these
kinematical approximations in the setting of a real configuration space and its grid approx-
imations to the dynamical setting that Schwinger considered. Varadarajan discussed in [33]
some generalizations of the quantum systems of Weyl and Schwinger in the setting of locally
compact abelian groups. Albeverio, Gordon, and Khrennikov studied finite approximation
of quantum systems in locally compact abelian groups in [1], obtaining some of the results of
[14] in this very general setting. In [7], Bakken, Digernes, and Weisbart improved upon some
of the results of [1], but in the restricted setting of configuration spaces that are local fields.
The work on finite approximation of quantum systems is ongoing with many remaining open
questions. The results of the current paper should open up the possibility of extending many
previous results regarding finite approximation to the adelic setting. Ultrametricity arises in
the theory of complex systems and many references cited by [22, Chapter 4] study an area
that may be extended to an adelic setting, for example, the works [3, 4, 5, 6] of Avetisov,
Bikulov, Kozyrev, and Osipov dealing with p-adic models for complex systems.
Denote henceforth by Qp the p-adic numbers. Section 2 reviews basic properties of Qp,
the ring of adeles, and measures on path spaces. While we refer to [40] for most of this
background, we discuss some additional required background and establish further notational
conventions. Suppose that (pi) is the strictly increasing enumeration of the prime numbers.
Suppose that I is a continuous time interval, a closed but possibly unbounded subinterval
of R whose minimum element is 0. Suppose that D(I : Qpi) is the Skorohod space of paths
valued in Qpi. Suppose that (D(I : Qpi), P
i) is the probability space, discussed in [40], for a
diffusion process that is valued in Qpi, that gives full measure to paths starting at 0, and that
corresponds to a Vladimirov operator with exponent b and diffusion constant σi. Parameters
I and b are not permitted to vary in the index i. For each xi in Qpi, the measure P
i
xi
gives
full measure to paths starting at xi and agrees with P
i up to a translation by xi.
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Suppose that x is in the ring of adeles and that xi is the i
th component of x. Denote by
D(I) the infinite product of D(I : Qpi) and by Px the product measure
Px = ⊗iP ixi.
Suppose that X i is the stochastic process that maps each t in I to the random variable X it
that acts on paths ωi in (D(I : Qpi), P
i) by
X it(ωi) = ωi(t).
Define by Y the stochastic process that maps each t in I to a random variable acting on a
path ω in the probability space (D(I), P ) by
Yt(ω) = (X
i
t(ωi)) = (ωi(t)) where ω = (ωi).
The exit probabilities of [40] lead to the main result of Section 3, that the stochastic process Y
has a version in the Skorohod space of paths valued in the adeles if and only if the sequence
(σi) is summable. Denote by NT the random variable that counts the number of pi-adic
components in which a sample path of Y that originates at 0 wanders outside of the ring of
pi-adic integers by time T , where T is in I. Section 3 additionally proves that NT has finite
moments of all orders. Section 4 proves that the summability condition also implies that
the adelic versions of the processes come from adelic diffusion equations. Furthermore, the
measure on the adelic brownian bridges agrees with the product measure whose factors are
measures on brownian bridges given by an adelic conditioning. Section 5 presents a Feynman-
Kac formula for the dynamical semigroup associated to an adelic Schro¨dinger operator. If
the potential is a bounded simple adelic potential, then the adelic Feynman-Kac integral
is a product of integrals over each component. In this case, the dynamical semigroup is a
semigroup of integral operators whose kernel is a product of kernels in each component, as
described in the Feynman setting in [18].
2. Background
We follow closely the notation and conventions of [40], repeating here only that which
seems necessary because of some minor changes in notation required by the fact that we
must deal with all primes rather than a single fixed prime. Refer to [40] for a discussion of
path spaces and probability measures on path space.
2.1. Basic Facts about Qp and A. For each natural number i, denote by Qpi the field of
pi-adic numbers with the absolute value denoted by | · |i. Denote respectively by Bik(x) and
Sik(x) the ball and the circle of radii p
k
i , the compact open sets
Bik(x) = {y ∈ Qpi : |y − x|i ≤ pki } and Sik(x) = {y ∈ Qpi : |y − x|i = pki }.
Denote by Zpi the ring of integers, the unit ball in Qpi. Denote by µi be the Haar measure
on Qpi, normalized to be one on Zpi. Denote by S
1 the unit complex numbers and by χi the
rank 0 character
χi : Qpi → S1
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that is simply denoted by χ in [40] for a fixed prime p. Denote by Fi the Fourier transform
L2(Qpi) and by F−1i its inverse. Denote by SB(Qpi) the Schwartz-Bruhat space of complex
valued, compactly supported, locally constant functions on Qpi. The following definition
facilitates the concision of later statements.
Definition 2.1. Elements of an infinite set I are almost always in a set J if all but finitely
elements of I are in J . A property holds for almost all i in an infinite set I if the property
holds for all but finitely many elements of I.
The ring of rational adeles, denoted by A, is the set
A = {(a1, a2, . . . ) : ∀i ∈ N, ai ∈ Qpi and for almost all i ∈ N, ai ∈ Zpi} .
This is to say that the ring A is the restricted product of the Qpi with respect to the subrings
Zpi. The ring of completed rational adeles has an additional component, a first component
a∞ which is in the real numbers. While the main results of this paper will hold over the ring of
completed rational adeles as can be verified by the reader, the current work deals exclusively
with the ring of rational adeles and refers to them henceforth as the adeles. The topology
on the adeles will be the restricted product topology, namely, the topology generated by sets
that are products of balls in each pi-adic component and that are component-wise almost
always equal to Zpi. The following proposition and proof are well known, but included for
the readers’ convenience.
Proposition 2.2. A Hausdorff topological space that is second countable and locally compact
is completely metrizable.
Proof. Suppose that X is locally compact, Hausdorff, and second countable and denote by
Y the one point compactification of X . The topological space Y is compact and Hausdorff,
hence regular. The second countability of X implies that Y is second countable and so the
Urysohn metrization theorem implies that Y is metrizable. The compactness of Y implies
that it is complete in any metric that gives rise to its topology and so X is completely
metrizable as an open subset of Y . 
Since A with the restricted product topology is a second countable, locally compact,
Haudorff topological space, Proposition 2.2 implies that A is a Polish space. Note that [32]
constructs a complete metric on the ring of completed rational adeles that will induce a
complete metric on A, however, the current study requires no such specification of a metric.
While in their discussion the metric plays a critical role in the construction of an adelic
pseudo-Laplace operator, our adelic pseudo-Laplace operator will be different.
Define by ZA the set of all elements (ai) of A such that ai is in Zpi for every natural
number i. Under the usual component-wise addition and multiplication, the ring of adeles
forms a ring and ZA is an open, compact subring. As a locally compact abelian group under
its addition operation, the ring of adeles has a Haar measure µA that is unique on fixing a
normalization. Normalize µA(ZA) to be equal to 1. The measure µA on A is the infinite
product of the measures µi taken over the index i.
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For each natural number i, denote by Hi the Hilbert space L2
(
Qpi, µi
)
and specify the
vacuum vector Ωi of Hi to be the characteristic function on Zpi. Define by Halg the set
Halg =
•⊗
i∈N
Hi,
the infinite algebraic tensor product whose ith component is an element of Hpi and whose
components are almost always vacuum vectors. An element f of Halg is simple if for every
natural number i there is a function fi in Hi with the property that
f = f1 ⊗ f2 ⊗ · · ·
and fi is equal to a vacuum vector for almost all i. Arbitrary elements of Halg are finite
linear combinations of simple functions. For each simple f and g in Halg, define the inner
product 〈f, g〉A and the norm ||f ||A by
〈f, g〉A =
∏
i∈N
〈fi, gi〉i and ||f ||A =
∏
i∈N
||fi||i,
extending these to arbitrary elements of Halg by linearity. The product 〈·, ·〉A is an inner
product on Halg and || · ||A is its associated norm. The restricted tensor product, H, of the
Hi with respect to the specified vacuum vectors is the analytic completion under || · ||A of
the above infinite algebraic tensor product. It is in this sense that
H =
⊗
i∈N
Hi.
Identify the Hilbert space L2(A, µA) of square integrable functions on A with H and view
any operator on L2(A, µA) equivalently as an operator on H. An element f of H is a simple
adelic Schwartz-Bruhat function if it is a simple element ofHalg and the component functions
of its product representation are Schwartz-Bruhat functions. The adelic Schwartz-Bruhat
space, SB(A), is the set of finite sums of simple adelic Schwartz-Bruhat functions and is a
dense subset of H. A locally compact, Hausdorff, abelian group, the set of rational adeles is
equipped with a Fourier transform. For each simple function f in SB(A) and for each y in
A with y equal to (yi), define the Fourier transform FA on f by
(FAf)(y) =
∏
i∈N
(Fifi)(yi)
and extend it to act on all of SB(A) by linearity. As a unitary operator on the densely
defined subspace SB(A) of H, the operator FA extends to a unitary operator on all of H.
Define similarly the inverse F−1A of FA.
2.2. Diffusion in the Qp Setting. Fix a positive real number b. For each natural number
i, the multiplication operator Mi acts on SB(Qpi) by
(Mif)(x) = |x|bif(x).
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Denote by ∆i the unique self adjoint extension of the pseudo Laplace operator ∆˜i with
exponent b that acts on SB(Qpi) by(
∆˜if
)
(x) =
(F−1i MiFif)(x).
Extend this operator to the Vladimirov operator with exponent b that is denoted ∆ˆi and that
acts on functions f on R+ ×Qpi that for each positive t are in the domain of ∆i by
(∆ˆif)(t, x) = (∆if(t, ·))(x).
Denote ambiguously by ∆i the operator ∆ˆi. For each natural number i, fix σi to be a positive
real number and refer to it as a diffusion constant. The pseudo differential equation
(1)
df(t, x)
dt
= −σi∆if(t, x)
has as its fundamental solution the function
(2) ρi(t, x) =
(
F−1i e−σit|·|
b
i
)
(x).
A minor modification of the more general arguments of [34] show that if I is any time
interval, then the function f(t, x) is a probability density function that gives rise to a prob-
ability measure P i on D(I : Qpi) that is concentrated on the set of paths originating at 0.
In particular, suppose that h is a history, U(h) is the route of h, and the epoch e(h) is of
length n. Refer to [8, 40] for further background. Denote by C(h) the subset of D(I : Qpi)
given by
C(h) =
{
ω ∈ D(I : Qpi) : ω(0) ∈ U(h)0 and ∀j ∈ {1, . . . , n}, ω(e(h)j) ∈ U(h)j
}
.
Sets of the form C(h) for some history h are simple cylinder sets. If U(h)0 is the set {0},
then define P i(C(h)) by
P i(C(h)) =
∫
U(h)1
· · ·
∫
U(h)n
ρi(e(h)1, x1)ρ
i(e(h)2 − e(h)1, x2 − x1)(3)
· · · ρi(tn − e(h)n−1, xn − xn−1) dµi(xn) · · · dµi(x1) .
If 0 is not in Uh(0), then P
i(C(h)) is 0. This premeasure on the π-system of simple cylinder
sets extends to a probability measure on D(I : Qpi) that we will once again and henceforth
denote by P i. Define the stochastic process X i on the probability space (D(I : Qpi), P
i) to
be the function
X i : I ×D(I : Qpi)→ Qpi by (t, ω) 7→ X it(ω) = ω(t).(4)
For each time interval I, the probability measure P i on D(I : Qpi) gives full measure to
paths originating at 0. For each xi in Qpi, define P
i
xi
to be the probability measure given by
the same density function that defines P i but conditioned to give full measure to the paths
originating at xi. If A is a simple cylinder set, then
P ixi(A) = P
i(A− xi).
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For each yi in Qpi and each positive T in I, the arguments of [34] guarantee the existence of
the probability measures concentrated on the pi-adic brownian bridges, namely, the measures
P iT,xi,yi which are given by the measures P
i
xi
conditioned so that paths almost surely take
value yi at time T . These conditioned measures form a continuous family of probability
measures depending on the starting and ending points, as discussed in [34] in a more general
setting but with the diffusion constant σi restricted to be equal to 1. There is no obstruction
to allowing for a more general diffusion constant, which [8] discusses.
3. Products of p-Adic Path Spaces
3.1. Exit Time Probabilities. Suppress the index i in fixing a prime pi in this subsection.
Following [40], denote by ||X||T the value
||X||T = sup
0≤t≤T
|Xt|
and by α the quantity
α = 1− p
b − 1
pb+1 − 1 .(5)
Let r be an integer. Theorem 3.1 of [40] states that for any non-negative real number T ,
P (||X||T ≤ pr) = e−σαTp−rb .
We specialize this result in the following proposition.
Proposition 3.1. For any non-negative real number T ,
P (||X||T ≤ 1) = e−σαT .
Suppose that x is in Qp and y is in x+ p
−rZp. Theorem 4.7 of [40] states that for all t in
(0, T ],
Pt,x,y
(||X − x||T ≤ pr) ≥ Px(||X − x||T ≤ pr).
We specialize this result in the following proposition.
Proposition 3.2. Suppose that x is in Qp and y is in x+ Zp. For all t in (0, T ],
Pt,x,y
(||X − x||T ≤ 1) ≥ Px(||X − x||T ≤ 1).
The specialized equality of Proposition 3.1 and the specialized inequality of Proposition 3.2
are those that the current application to the study of adelic path spaces and their probability
measures requires.
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3.2. The Probability of the Adelic Path Subspace. Fix henceforth a time interval I,
an exponent b, and a sequence (σi) of diffusion constants. The time interval and exponent
are constant in the index i. Denote by D(I) the product space
D(I) =
∏
i∈N
D(I : Qpi).
Denote by D(I : A) the set of Skorohod paths valued in the adeles. The natural inclusion
map permits an identification of D(I : A) with the subset of D(I) whose components are
almost always in Zpi for the respective index i. Define by P
i the measure on D(I : Qpi)
given by (3) and by P the product measure ⊗iP i on D(I). Denote by σ the possibly infinite
quantity
σ =
∑
i∈N
σi.
Theorem 3.3. If σ is finite, then D(I : A) has full measure in D(I).
Proof. For any positive real number T in I, denote by DTM and σM respectively the set and
the finite sum given by
DTM =
{
ω ∈ D(I) : sup
0≤t≤T
|ωp(t))| ≤ 1, ∀i ≥ M
}
and σM =
∑
i≥M
σi.
Since αi is in (0, 1) for each i, Proposition 3.1 together with the algebraic properties of the
exponential imply that
P
(
DTM
) ≥ e−σMT .
Under the assumption that σ is finite, σM tends to 0 as M tends to infinity and so
lim
M→∞
P
(
DTM
)
= 1.
Denote by DT the set given by
DT =
⋃
M∈N
DTM .
Continuity from below of the measure P implies that P
(
DT
)
is equal to 1. If I is a bounded
interval [0, S], then take T to equal S so that D(I : A) is equal to DT and so P (D(I : A)) is
equal to 1. Otherwise, I is the interval [0,∞) and so
D(I : A) =
⋂
T∈N
DT ,
hence P (D(I : A)) is equal to 1. 
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3.3. Moments of the ZA First Exit Number. Denote by Y the stochastic process that
maps each positive t in I to the random variable Yt acting on the probability space (D(I), P )
by
Yt(ω) = ω(t).
For each positive T in I, define the random variable N iT on the probability space (D(I), P )
in the following way. If ω is in D(I), then N iT (ω) is 0 if the i
th component of ω remains in
Zpi for each t less than or equal to T . Otherwise, N
i
T (ω) is 1. Denote by NT the sum of the
N iT over all i, where NT can potentially take on the value infinity. The random variable NT
counts the number of pi-adic components in which a sample path of Y wanders outside of
the ring of pi-adic integers by time T and so Theorem 3.3 implies that NT is almost surely
finite.
Proposition 3.4. If σ is finite, then all moments of NT are finite.
Proof. Denote by A the subset of all paths in D(I) with the property that ω is in A if and
only if ω remains in ZA for all t in [0, T ]. Denote by αi and βi the quantities
αi = 1− p
b
i − 1
p1+bi − 1
and βi = σiαi.
Let Sk be the set of all sequences of length k that are valued in N and that have distinct
values in each of their k places. Denote by β the sum
β =
∑
i
βi.
Independence of the components of the stochastic process Y implies that
P (Nt = k) =
∑
(i1,...,ik)∈Sk
i1<···<ik
(
1− e−Tβi1) · · · (1− e−Tβik )P (A)eTβi1 · · · eTβil
=
1
k!
∑
(i1,...,ik)∈Sk
(
eTβi1 − 1) · · · (eTβik − 1)P (A)
=
P (A)
k!
∑
(i1,...,ik)∈Sk
(
eTβi1 − 1) · · · (eTβik−1 − 1)(eTβik − 1).
The inequality (
eTβik − 1) <∑
j∈N
(
eTβj − 1)
implies that
P (Nt = k) <
P (A)
k!
∑
(i1,...,ik−1)∈Sk−1
(
eTβi1 − 1) · · · (eTβik−1 − 1)(∑
j∈N
(
eTβj − 1))
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=
P (A)
k!
∑
(i1,...,ik−1)∈Sk−1
((
eTβi1 − 1) · · · (eTβik−1 − 1)
·
∑
j∈N
(
Tβj +
(
Tβj
)2
2!
+
(
Tβj
)3
3!
+ · · ·
))
<
P (A)
k!
∑
(i1,...,ik−1)∈Sk−1
((
eTβi1 − 1) · · · (eTβik−1 − 1)
·
(
Tβ +
(Tβ)2
2!
+
(Tβ)3
3!
+ · · ·
))
<
eTβ
k
P (A)
(k − 1)!
∑
(i1,...,ik−1)∈Sk−1
((
eTβi1 − 1) · · · (eTβik−1 − 1))
=
eTβ
k
P (Nt = k − 1).
A straightforward induction argument shows that
P (NT = k) < P (A)
(
eTβ
)k
k!
.
The estimates for P (Nt = k) afford an estimate of the mean of NT . In particular,
E
[
NT
]
=
∑
k∈N
kP (Nt = k)
< P (A)
∑
k∈N
k
(
eTβ
)k
k!
= P (A)
∑
k∈N
(
eTβ
)k
(k − 1)!
= P (A)eTβ
∑
k∈N
(
eTβ
)k
k!
= P (A)eTβee
Tβ
.
Similar estimates are possible for all moments of NT . If m is a natural number, then
E
[
NmT
]
=
∑
k∈N
kmP (NT = k)
< P (A)
∑
k∈N
km
(
eTβ
)k
k!
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= P (A)

∑
k∈N
k<m
km
(
eTβ
)k
k!
+
∑
k∈N
k≥m
km
(
eTβ
)k
k!


= P (A)

∑
k∈N
k<m
km
(
eTβ
)k
k!
+
∑
k∈N0
(m+ k)m
(
eTβ
)(k+m)
(m+ k)!


= P (A)

∑
k∈N
k<m
km
(
eTβ
)k
k!
+
(
eTβ
)m ∑
k∈N0
(m+ k)m
(
eTβ
)k
(m+ k)!


= P (A)

∑
k∈N
k<m
km
(
eTβ
)k
k!
+
(
eTβ
)m ∑
k∈N0
(m+ k)m
(m+ k)(m+ k − 1) · · · (k + 1)
(
eTβ
)k
k!


< P (A)

∑
k∈N
k<m
km
(
eTβ
)k
k!
+
(
eTβ
)m
max
k
(m+ k)m
(m+ k)(m+ k − 1) · · · (k + 1)
∑
k∈N0
(
eTβ
)k
k!


= P (A)

∑
k∈N
k<m
km
(
eTβ
)k
k!
+
(
eTβ
)m
max
k
(m+ k)m
(m+ k)(m+ k − 1) · · · (k + 1)e
eTβ


< P (A)

∑
k∈N
k<m
km
(
eTβ
)k
k!
+
(
eTβ
)m mm
m!
ee
Tβ

.

4. An Adelic Diffusion Equation
Given the summability of the diffusion constants, we show in this section that the adelic
path measures of the previous section are the measures associated to adelic diffusion equa-
tions. Recall that Ωi is the characteristic function on Zpi .
Lemma 4.1. The estimate
1√
2
< ||MiΩi||i <
√
2
is independent of the parameter b.
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Proof. Write an integral over Qpi as a sum of integrals over circles to obtain the equalities∣∣∣∣MiΩi∣∣∣∣2i =
∫
Qpi
(|x|biΩi(x))2 dx
=
∫
Zpi
|x|2bi dx
=
∫
Si0
|x|2bi dx+
∫
Si
−1
|x|2bi dx+
∫
Si
−2
|x|2bi dx+ · · · .(6)
Together with (6), the equalities∫
Si
−k
|x|2bi dx =
(
p−ki
)2b
vol
(
Si−k
)
=
(
p−ki
)2b
pi
−k
(
1− 1
pi
)
= p
−(2b+1)k
i
(
1− 1
pi
)
,
imply that
∣∣∣∣MiΩi∣∣∣∣2i =
∞∑
k=0
p
−(2b+1)k
i
(
1− 1
pi
)
=
(
1− 1
pi
) 1
1− p−(2b+1)i
=
(
1− 1
pi
) p2b+1i
p2b+1i − 1
(7)
The term
(
1 − 1
pi
)
increases to 1 in i and is bounded below by 1
2
where the minimum is
achieved when pi is 2. For fixed b, the term
p2b+1
i
p2b+1i −1
decreases to 1 in pi and attains its
maximum when pi is 2. This second term in the product on the right hand side of (7) is also
decreasing to 1 in b. Since b is assumed positive, this second term in the product is strictly
bounded above by its value when pi is 2 and b is 0, that is, it is bounded above by 2. The
inequality
1
2
<
∣∣∣∣MiΩi∣∣∣∣2i < 2
therefore holds for any prime pi and any exponent b, thus proving the lemma. 
The unnecessarily rough bounds established by Lemma 4.1 are sufficient for the goal of
proving Proposition 4.2 below. Denote by ci the positive real number with the property that∣∣∣∣MiΩi∣∣∣∣i = ci.
Define the multiplication operator M on each function f on A by
(Mf)(a1, . . . , an, . . . ) = (σ1|a1|b1 + σ2|a2|b2 + · · · )f(a1, . . . , an, . . . ).
Recall that | · |i is the pi-adic absolute value, so | · |1 is the 2-adic absolute value, | · |2 is the
3-adic absolute value, and so on. Denote by ∆A the operator(
∆Af
)
(x) =
(FAMF−1A f)(x).
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Let ΩA be the characteristic function on ZA. Denote an element (a1, a2, a3, . . . ) of A simply
by a and use the notation da rather than dµA(a) for integrals over subsets of A. Recall that
a function f on A is said to be a simple Schwartz-Bruhat function on A if for each natural
number i there is an fi in SB(Qpi) such that
f(a) =
∏
i∈N
fi(ai)
and for almost all i the function fi is the vacuum vector Ωi.
Proposition 4.2. The space SB(A) is in the domain of the operator ∆A if and only if σ is
finite.
Proof. Since F−1A ΩA is equal to ΩA and FA is unitary on L2(A), the function ΩA is in the
domain of ∆A if and only if it is in the domain of M. Calculate
∣∣∣∣MΩA∣∣∣∣2A to obtain the
equality
∣∣∣∣MΩA∣∣∣∣2A =
∣∣∣∣
∣∣∣∣∑
i∈N
σi|ai|bi
∏
i∈N
Ωi(ai)
∣∣∣∣
∣∣∣∣
2
A
=
∫
A
(∑
i∈N
σi|ai|bi
)2
ΩA(a) da
=
∫
A
(∑
i∈N
σ2i |ai|2bi ΩA(a) +
∑
i,j∈N
i 6=j
σiσj |ai|bi |aj |bjΩA(a)
)
da
=
∑
i∈N
σ2i
∫
A
|ai|2bi ΩA(a) da+
∑
i,j∈N
i 6=j
σiσj
∫
A
|ai|bi |aj|bjΩA(a) da
=
∑
i∈N
σ2i
∫
Zpi
|ai|2bi dai +
∑
i,j∈N
i 6=j
σiσj
∫
Zpi
|ai|bi dai ·
∫
Zj
|aj|bj daj .(8)
The lower bound of Lemma 4.1 and (8) together imply that∣∣∣∣MΩA∣∣∣∣2A >∑
i 6=j
σiσj
∫
Zpi
|ai|bi daj ·
∫
Zj
|aj|bj daj
>
1
4
∑
i 6=j
σiσj >
1
4
m1
∑
i>1
σi.(9)
The upper bound of Lemma 4.1 and (8) together imply that∣∣∣∣MΩA∣∣∣∣2A < 2∑
i∈N
σ2i + 4
∑
i,j∈N
i 6=j
σiσj
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< 4
(∑
i∈N
σ2i +
∑
i,j∈N
i 6=j
σiσj
)
= 4
(∑
i∈N
σi
)2
.(10)
If MΩA is square integrable, then (9) implies that σ − σ1 is finite, hence σ is finite. The
function ΩA is in SB(A) and so if SB(A) is in the domain of ∆A, then σ is finite.
If σ is finite, then (10) implies that MΩA is square integrable and so ΩA is in the domain
of ∆A. To show that any simple Schwartz-Bruhat function on A is in the domain of ∆A, it
suffices to show that any simple Schwartz-Bruhat function on A is in the domain of M. If
f is a simple Schwartz-Bruhat function on A, then there is a natural number ℓ such that for
each i in {1, . . . , ℓ}, the function fi is in SB(Qpi) and for any a in A,
(11) f(a) =
∏
i∈{1,...,ℓ}
fi(ai) ·
∏
i>ℓ
Ωi(ai).
Use (11) to obtain the equality
(Mf)(x) =
∑
j∈{1,...,ℓ}
σj |aj|bjfj(aj)
∏
i∈{1,...,ℓ}
i 6=j
fi(ai) ·
∏
i>ℓ
Ωi(ai)
+
∑
j>ℓ
σj |aj |bjΩj(aj)
∏
i∈{1,...,ℓ}
fi(ai) ·
∏
i>ℓ
i 6=j
Ωi(ai).(12)
Since for each j in {1, . . . , ℓ} the function gj given by
gj(aj) = |aj |bf(aj)
is square integrable, the square integrability of MΩA implies the square integrability of
f . Finiteness of σ therefore implies that simple Schwartz-Bruhat functions on A are in
the domain of ∆A. Since finite sums of square integrable functions are square integrable,
finiteness of σ implies that any Schwartz-Bruhat function on A is in the domain of ∆A. 
Theorem 4.3. The operator ∆A is essentially self adjoint on SB(A) if and only if σ is
finite.
Proof. If ∆A is essentially self adjoint on SB(A), then it is defined on SB(A) and Proposi-
tion 4.2 implies that σ is finite.
Suppose that σ is finite. Proposition 4.2 implies that SB(A) is in the domain of ∆A and
so ∆A is a densely defined operator. In this case, the operator ∆A is essentially self adjoint
on SB(A) since it is the Fourier transform of a densely defined, real valued multiplication
operator. 
Extend in the same way we defined the p-adic Vladimirov operator the adelic Laplacian,
∆A, to act on a functions f with
f : R+ ×A→ R
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such that for each positive real t, the function f(t, ·) is a square integrable function on A
that is in the domain of ∆A. Differentiation with respect to the time variable of such a
function f is performed as it is in the p-adic setting. In particular, if a is in A, then
df
dt
(t, a) =
df(·, a)
dt
(t).
The adelic diffusion equation is the equation given by
df
dt
(t, a) = −∆Af(t, a).(13)
Theorem 4.4. If ρ is the fundamental solution to (13), then
(14) ρ(t, a) =
(F−1A e−t∑i σi|·|bi)(a).
For fixed positive t, the function ρ(t, ·) is a probability density function on A that converges
as t tends to 0 from the right to the Dirac measure on A that is concentrated at 0. For every
x in A, the function ρ gives rise to a path measure PAx on D(I : A) that is conditioned so
that paths almost surely start at x at time 0. When x is equal to (xi), the measure P
A
x agrees
with the product measure ⊗iP ixi on the adelic paths viewed as a subset of D(I).
Proof. Take the adelic Fourier transform of both sides of (13) to obtain the pseudo differential
equation
dFAf
dt
(t, a) = −(MFAf)(t, a) = −
(∑
i∈N
σi|ai|b
)
FAf(t, a),
which has (FAf)(t, a) = e−t∑i∈N σi|ai|b(15)
as its only solution up to a constant multiple. The inverse Fourier transform in the a
coordinate of the function on the right hand side of (15) is the desired function ρ.
Take a to be an element of A and let ai be the i
th component of a. The function
φ(t, ·) = e−t
∑
i σi|·|
b
i
is formally an infinite product of functions on L2(Qpi). Since the sum of the σi is finite, φ(t, ·)
is the limit in the L2(A) norm of a sequence of well-defined square integrable functions on A
and itself in L2(A), implying that its inverse adelic Fourier transform is just the product of
the inverse Fourier transforms of the pi-adic components. The function ρ is therefore given
by the equality
ρ(t, a) =
∏
i∈N
ρi(t, ai),
where ρi is a solution to (1). Since each ρi(t, ·) is a probability density function, ρ is positive
as a product of positive functions and of total mass 1 as an integral over the adeles is
a product of the integral of all of its p-adic components. The function ρ is, therefore, a
probability density function.
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To show that ρ(t, ·) converges in the weak-∗ topology on the space of measures on A to
a Dirac measure on A that is concentrated at 0, prove that for any bounded continuous
function f on A,
lim
t→0+
∫
A
f(a)ρ(t, a) da = g(0).
It suffices to show that if B is an open subset of A that contains 0, then
lim
t→0+
∫
B
ρ(t, a) da = 1.
Suppose to this end that B is an open subset of A that contains 0. There is a natural number
N and bijections j and n from N to itself such that B contains an open set B′ with
B′ =
∏
i∈N
Oi
with the property that Oi equals Zpi if i is not equal to js with s in {1, . . . , N} and for each
s in {1, . . . , N}, Ojs is equal to Bjs−ns(0). If
lim
t→0+
∫
B′
ρ(t, a) da = 1,(16)
then the same equality holds where the integral is taken over B. Integrals of simple adelic
functions are products of integrals over the p-adic components, which implies that∫
B′
ρ(t, x) da =
∏
s∈N
∫
Ojs
ρ js
(
t, ajs
)
dajs
=
∏
s≤N
∫
Ojs
ρ js
(
t, ajs
)
dajs ·
∏
s>N
∫
Ojs
ρ js
(
t, ajs
)
dajs.(17)
A straightforward modification of the arguments in [34] shows that, for positive t, the
density function ρi(t, x) for the random variable X it satisfies the equality
ρi(t, xi) =
∑
r∈Z
e−σtp
r
i b
∫
Sr
χ(xiyi) dyi
=
∑
r∈Z
(
e−σtp
rb
i − e−σtp(r+1)bi
)∫
Bir
χ(xy) dy
=
∑
r∈Z
(
e−σtp
rb
i − e−σtp(r+1)bi
)
pri1p−ri
(xi).(18)
Suppose that ν is an integer and use equation (18) for ρi to see that∫
|ai|≤pνi
ρi
(
t, ai
)
dai =
∫
Biν
ρ(t, xi) dxi
=
∑
r∈Z
(
e−σitp
rb
i − e−σitp(r+1)bi
)
pri
∫
Biν
1p−ri
(x) dxi
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= e−σitp
−νb
i +
∑
r≤−ν−1
pν+ri
(
e−σitp
rb
i − e−σitp(r+1)bi
)
≥ e−σitp−νbi .(19)
Set ν to be equal to 0 in (19) to obtain the inequality∫
Zpi
ρi(t, ai) dai ≥ e−σit.(20)
Inequality (20) together with (17) implies that∫
B′
ρ(t, a) da >
∏
s≤N
e−mjs tp
−nsb
js ·
∏
s>N
e−mjs t
≥ e−σt
∏
s≤N
e−mjs tp
−nsb
js .(21)
The finiteness of σ implies that
lim
t→0+
e−σt = 1.
The second term in the product (21) tends to 1 as t tends to 0 from the right as the finite
product of terms that have this property. The integral
∫
B′
ρ(t, a) da is bounded above by 1,
implying (16).
A restricted history of the space of all paths on A is a history such that each place of
a route of h is a product of p-adic balls that are almost always the ring of integers in the
respective p-adic component. Suppose that h is a restricted history of the space of all paths
on A with epoch e(h) and route U(h) where
U(h) =
(
U(h)0, . . . , U(h)ℓ(h)
)
.
If U(h)0 does not contain 0, then define P
A(C(h)) as equal to 0. If U(h)0 equals {0}, then
define PA(C(h)) by
PA(C(h)) =
∫
U(h)1
· · ·
∫
U(h)ℓ(h)
ρ
(
e(h)1, z
1
)
ρ
(
e(h)2 − e(h)1, z2 − z1
)
· · · ρ(e(h)ℓ(h) − e(h)ℓ(h)−1, zℓ(h) − zℓ(h)−1) dzℓ(h) · · · dz1.(22)
Denote by U i(h)j the i
th component of the jth place of the route of h and by U i(h) the route
U i(h) =
(
U i(h)0, . . . , U
i(h)ℓ(h)
)
whose entries are subsets of Qpi. Denote by C(h)i the cylinder set with the same epoch e(h)
and whose route is U i(h). For each i and j, the set U i(h)j is a ball in Qpi. If z
j is in A,
then denote by zji the i
th component of zj . Use this notation and the fact that integrals
of products of simple adelic functions are products of the integrals of the p-adic factors to
simplify (22) and obtain
PA(C(h)) =
∫
U(h)1
· · ·
∫
U(h)ℓ(n)
(∏
i∈N
ρi
(
e(h)1, z
1
)
ρi
(
e(h)2 − e(h)1, z2 − z1
)
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· · · ρi(e(h)ℓ(h) − e(h)ℓ(h)−1, zℓ(h) − zℓ(h)−1)
)
dzℓ(h) · · · dz1
=
∏
i∈N
∫
U i(h)1
· · ·
∫
U i(h)ℓ(h)
ρi
(
e(h)1, z
1
i
)
ρi
(
e(h)2 − e(h)1, z2i − z1i
)
· · · ρi(e(h)ℓ(h) − e(h)ℓ(h)−1, zℓ(h)i − zℓ(h)−1i ) dzℓ(h)i · · · dz1i
=
∏
i∈N
P i(C(h)i),
hence
PA(C(h)) =
∏
i∈N
P i(C(h)i).
The measure PA therefore agrees on the simple cylinder sets of D(I : A) with restricted
histories with the product measure over the p-adic components. Since these subsets of
D(I : A) form a π-system that generate the σ-algebra generated by the cylinder sets of finite
type, the two measures agree on the σ-algebra of cylinder sets [9]. For any PAx measurable
subset A of paths, the probability PAx (A) is equal to P
A(A− x) and for each i the measure
P ixi(A
i) is equal to P i(Ai − xi), where Ai is the set of paths given by the ith components of
paths of A. The equality of the measures concentrated on the paths initially at 0 implies
the more general statement of equality for measures concentrated on the paths starting at
an arbitrary x in A. 
Theorem 4.5. Suppose that x and y are in A, that σ is finite, and that I is a time in-
terval containing the positive real number t. Denote by PAt,x,y the measure P
A
x on D(I : A)
conditioned to give full measure to the paths that take value y at time t. For each natural
number i, denote by P it,xi,yi the measure P
i
xi
conditioned to give full measure to the set of
paths in D
(
I : Qpi
)
that take value yi at time t. The product measure given by ⊗i∈NP it,xi,yi
gives full measure to the set D(I : A) viewed as a subset of the product space. Furthermore,
the measures PAt,x,y and ⊗i∈NP it,xi,yi agree on D(I : A).
Proof. Proposition 3.2 implies that if t is a non-negative real number, then
P it,xi,yi
(||X||t ≤ 1) = P ixi(||X||t ≤ 1∣∣Xt = yi)
≥ P ixi
(||X||t ≤ 1) = e−σiαitp−bi .
Use the above estimate rather than Proposition 3.1 and follow the argument used in the proof
of Theorem 3.3 to see that the conditioned measures give the adelic paths full measure.
For each natural number n, let ε(n) be a sequence
(
ε
(n)
i
)
, almost all of which are equal to
1. To say that ε(n) tends to 0 means that each ε
(n)
i tends to 0 in n but for each n almost all
of the ε
(n)
i are equal to 1. If y is in A, denote by Bε(n)(y) the set
Bε(n)(y) =
∏
i
B
ε
(n)
i
(yi),
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where B
ε
(n)
i
(yi) is the ball
B
ε
(n)
i
(yi) =
{
z ∈ Qpi : |z − yi| ≤ ε(n)i
}
.
Suppose that h is a restricted history and that ε(n) tends to 0. There is an M in N so
that n is larger than M implies that for each natural number i, B
ε
(n)
i
(0) is a subset of Zpi.
Proposition 3.1 and Proposition 3.2 together imply that if n is larger than M , then
P ixi
( ⋂
1≤j≤ℓ(h)
X ie(h)j ∈ Zpi
∣∣∣X it ∈ yi +Bε(n)i (0)
)
> e−tαiσi .
Therefore, if n is larger than M , then for each positive real ε there is a natural number N
so that ∏
i>N
P ixi
( ⋂
1≤j≤ℓ(h)
X ie(h)j ∈ Zpi
∣∣∣X it ∈ yi +Bε(n)i (0)
)
>
∏
i>N
P ixi
( ⋂
1≤j≤ℓ(h)
||X i||t ≤ 1
)
> e−t
∑
i>N αiσi
> 1− ε(23)
and ∏
i>N
P it,xi,yi
( ⋂
1≤j≤ℓ(h)
X ie(h)j ∈ Zpi
)
>
∏
i>N
P it,xi,yi
(||X i||t ≤ 1)
> e−t
∑
i>N αiσi
> 1− ε,(24)
Inequalities (23) and (24) together imply that∣∣∣∣ ∏
i>N
P ixi
( ⋂
1≤j≤ℓ(h)
X it ∈ Zpi
∣∣X ie(h)j ∈ yi +Bε(n)i (0)
)
−
∏
i>N
P it,xi,yi
( ⋂
1≤j≤ℓ(h)
X it ∈ Zpi
)∣∣∣∣ < ε.(25)
For any simple cylinder set associated to a restricted history h and for any x and y in A
and positive real t, the probability measure PAt,x,y on adelic paths conditioned to start at x
at time 0 and to be at y at time t is given by
PAt,x,y(C(h)) = lim
ε(n)→0
PAx
(
C(h)
∣∣Xt ∈ y +Bε(n)(0))
= lim
ε(n)→0
∏
i
P ixi
(
C(h)i
∣∣∣X it ∈ yi +Bε(n)i (0)
)
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= lim
ε(n)→0
( ∏
1≤i≤N
P ixi
(
C(h)i
∣∣∣X it ∈ yi +Bε(n)i (0)
)
·
∏
i>N
P ixi
( ⋂
1≤j≤ℓ(h)
X it ∈ Zpi
∣∣X ie(h)j ∈ yi +Bε(n)
i
(0)
))
= lim
ε(n)→0
∏
1≤i≤N
P ixi
(
C(h)i
∣∣X it ∈ yi +Bε(n)i (0))
· lim
ε(n)→0
∏
i>N
P ixi
( ⋂
1≤j≤ℓ(h)
X it ∈ Zpi
∣∣X ie(h)j ∈ yi +Bε(n)i (0)
)
=
∏
1≤i≤N
P it,xi,yi
(
C(h)i
)
(26)
· lim
ε(n)→0
∏
i>N
P ixi
( ⋂
1≤j≤ℓ(h)
X it ∈ Zpi
∣∣X ie(h)j ∈ yi +Bε(n)i (0)
)
.
Take the absolute value of the difference between PAt,x,y(C(h)) and
∏
i∈N P
i
xi,yi,t
(C(h)i) and
use (25) and (26) to obtain the estimate∣∣∣∏
i∈N
P it,xi,yi(C(h)i)− PAt,x,y(C(h))
∣∣∣
=
∣∣∣∏
i∈N
P it,xi,yi
(
C(h)i
)− lim
ε(n)→0
∏
i∈N
P ixi
( ⋂
1≤j≤ℓ(h)
X it ∈ Zpi
∣∣X ie(h)j ∈ yi +Bε(n)i (0)
)∣∣∣
=
∣∣∣ ∏
1≤i≤N
P it,xi,yi
(
C(h)i
)∣∣∣ · lim
ε(n)→0
∣∣∣∏
i>N
P ixi
( ⋂
1≤j≤ℓ(h)
X it ∈ Zpi
∣∣X ie(h)j ∈ yi +Bε(n)i (0)
)
−
∏
i>N
P it,xi,yi
(
C(h)i
)∣∣∣
≤
∣∣∣ ∏
1≤i≤N
P it,xi,yi
(
C(h)i
)∣∣∣ · lim
ε(n)→0
ε ≤ ε.
Since ε was arbitrarily chosen,
PAt,x,y(C(h)) =
∏
i∈N
P it,xi,yi(C(h)i) =
(⊗i P it,xi,yi)(C(h)).
The measure PAt,x,y therefore agrees on the simple cylinder sets of D(I : A) with restricted
histories with the measure induced on the adelic paths by the product measure. Since these
sets form a π-system that generate the σ-algebra generated by the finite cylinder sets, the
two measures agree on the σ-algebra of cylinder sets [9]. 
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5. Adelic Path Integrals and Propagators
Suppose throughout this section that v is a real valued, non-negative, bounded, continuous
function on A and refer to such a function as a potential function. If ψ is a Schwartz-Bruhat
function, then define for each a in A the function V ψ by
(V ψ)(a) = v(a)ψ(a).
The operator V maps a Schwartz-Bruhat function ψ to the function V ψ and is a potential
associated to the potential function v. Retain throughout this section the notation where
a function denoted by a lowercase letter corresponds to a multiplication operator that is
denoted by the corresponding uppercase letter. Denote respectively by H0A and HA the free
Schro¨dinger operator and Schro¨dinger operator with potential V acting on SB(A) and given
by
H0A = ∆A and HA = ∆A + V.
The operator HA is essentially self adjoint on the Schwartz-Bruhat functions as the sum of
an essentially self adjoint operator on this domain and a bounded real valued multiplication
operator. To compress notation, henceforth denote respectively by DA[0,∞) and, for all
positive t, by DA[0, t] the path spaces D([0,∞) : A) and D([0, t] : A). Denote by π0t and by
πt the operators on L
2(A) that act on any Schwartz-Bruhat function α by
(27)
(
π0tα
)
(x) =
∫
DA[0,∞)
α(ω(t)) dPAx and (πtα)(x) =
∫
DA[0,∞)
e−
∫ t
0
v(ω(s)) dsα(ω(t)) dPAx .
Notice that a sample path ω has at most countably many discontinuities as a ca´dla´g function
and v is bounded and continuous, implying that v ◦ ω is a bounded function on [0,∞) with
at most countably many discontinuities. The integral appearing in the exponential of the
right hand side of the equality (27) is, therefore, well defined as a Riemann integral.
Lemma 5.1. For each positive real number t, πt extends to a bounded self adjoint operator
defined on all of L2(A).
Proof. Fix t larger than 0 and suppose that α is in L2(A). Condition on the event that a
path is at y at time t to obtain the equalities
(πtα)(x) =
∫
DA[0,∞)
e−
∫ t
0 v(ω(s)) dsα(ω(t)) dPAx
=
∫
A
{∫
DA[0,∞)
e−
∫ t
0 v(ω(s)) dsα(ω(t)) dPAt,x,y
}
ρt(x− y) dy
=
∫
A
{∫
DA[0,∞)
e−
∫ t
0
v(ω(s)) dsα(y) dPAt,x,y
}
ρ(t, x− y) dy
=
∫
A
{∫
DA[0,∞)
e−
∫ t
0 v(ω(s)) ds dPAt,x,y
}
ρ(t, x− y)α(y) dy =
∫
A
Kt(x, y)α(y) dy
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where
Kt(x, y) =
{∫
DA[0,∞)
e−
∫ t
0 v(ω(s)) ds dPAt,x,y
}
ρ(t, x− y).
The operator πt is an integral operator with kernel Kt. The kernel Kt depends only on the
values that a path takes on the interval [0, t] and so
(28) Kt(x, y) =
{∫
DA[0,t]
e−
∫ t
0 v(ω(s)) ds dPAt,x,y
}
ρ(t, x− y).
Since Kt is a bounded real valued function of (x, y), in order to show that πt is bounded and
self adjoint, it suffices to show that Kt is symmetric. Define time reflection, ∗, to act on the
probability space (DA[0, t], Pt,x,y) in the following way. For each ω in DA[0, t], define ω
∗ at
a time point s in [0, t) by
ω∗(s) = ω(t− s− 0) and ω∗(t) = ω(0).
For each measurable subset E of DA[0, t], define
QAt,x,y(E) = P
A
t,x,y(E
∗).
Time reflection is an involution mapping the σ-algebra of cylinder sets to itself. For any fixed
s in [0, t], Skorokhod paths are left continuous at s with full probability in the probability
space
(
DA[0, t], P
A
t,x,y
)
, implying that QAt,x,y and P
A
t,y,x agree on the cylinder sets of finite type
and therefore on all cylinder sets since the cylinder sets of finite type form a π-system that
generates the σ-algebra of cylinder sets. The integral of the exponential term is invariant
under time reversal and ρ(t, x− y) equals ρ(t, y − x), implying that
Kt(x, y) =
{∫
DA[0,t]
e−
∫ t
0 v(ω
∗(s)) ds dPAt,x,y(ω
∗)
}
ρ(t, x− y)
=
{∫
DA[0,t]
e−
∫ t
0
v(ω(s)) ds dPAt,x,y(ω
∗)
}
ρ(t, x− y)
=
{∫
DA[0,t]
e−
∫ t
0 v(ω(s)) ds dQAt,x,y(ω)
}
ρ(t, x− y)
=
{∫
DA[0,t]
e−
∫ t
0 v(ω(s)) ds dPAt,y,x(ω)
}
ρ(t, y − x) = Kt(y, x).

Lemma 5.2. The one parameter family of operators (πt)t>0 forms a strongly continuous
semigroup.
Proof. Suppose that ω is in DA[0,∞) and that α is in SB(A). For each positive s, denote
by ωs the function that maps t to ω(s+ t). The law of total probability implies that(
πs+tα
)
(x) =
∫
DA[0,∞)
e−
∫ t+s
0
v(ω(u)) duα(ω(t+ s)) dPAx (ω)
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=
∫
DA[0,∞)
e−
∫ s
0 v(ω(u)) due−
∫ t+s
s
v(ω(r)) drα(ω(t+ s)) dPAx (ω)
=
∫
A
{∫
DA[0,∞)
e−
∫ s
0 v(ω(u)) due−
∫ t+s
s
v(ω(r)) drα(ωs(t)) dP
A
x,y,s(ω)
}
ρ(s, y − x) dy
=
∫
A
{∫
DA[0,∞)
e−
∫ s
0
v(ω(u)) due−
∫ t
0
v(ωs(r)) drα(ωs(t)) dP
A
x,y,s(ω)
}
ρ(s, y − x)dy
=
∫
A
{∫
DA[0,∞)
e−
∫ s
0 v(ν(u)) du
{∫
DA[0,∞)
e−
∫ t
0 v(ω(r)+y) drα(ω(t) + y) dPA(ω)
}
dPAx,y,s(ν)
}
ρ(s, y − x)dy
=
∫
A
{∫
DA[0,∞)
e−
∫ s
0
v(ν(u)) du
{∫
DA[0,∞)
e−
∫ t
0 v(ω(r)) drα(ω(t)) dPAν(s)(ω)
}
dPAx,y,s(ν)
}
ρ(s, y − x) dy
=
∫
DA[0,∞)
e−
∫ s
0
v(ν(u)) du
{∫
DA[0,∞)
e−
∫ t
0
v(ω(r)) drα(ω(t)) dPAν(s)(ω)
}
dPAx (ν)
=
(
πsπtα
)
(x),
hence
(
πt
)
t>0
is a semigroup.
Utilize below the “big O” notation below for the t dependent error term below that is
uniform in x. If α is SB(A), then
(πtα− α)(x) =
∫
DA[0,∞)
e−
∫ t
0
v(ω(s)) dsα(ω(t)) dPAx − α(x)
=
∫
DA[0,∞)
(1−O(t))α(ω(t)) dPAx − α(x)
=
∫
DA[0,∞)
α(ω(t)) dPAx − α(x)−
∫
DA[0,∞)
O(t)α(ω(t)) dPAx − α(x)
= (π0tα)(x)− α(x)−O(t)(ft ∗ α)(x).
Take the norm of the difference πtα− α to obtain the bound
||πtα− α||2 ≤ ||π0tα− α||2 +O(t)||ft ∗ α||2 → 0
as t tends to 0 from the right, which implies that
(29) lim
t→0+
||πtα− α||2 = 0.
For each positive t, Young’s convolution inequality implies that the operator πt is bounded
on SB(A) by 1 and so uniquely extends to an operator, again denoted by πt, on all of L
2(A).
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Furthermore, if ε is a positive real number and β is in L2(A), then there is an α in SB(A)
such that
||β − α||2 < ε,
and so
||πtβ − β||2 = ||πt(β − α + α)− (β − α+ α)||2
≤ ||πt(β − α)||2 + ||β − α||2 + ||πtα− α||2
≤ 2||β − α||2 + ||πtα− α||2 → 2||β − α||2 < 2ε
as t tends to 0 from the right. Since ε was arbitrarily chosen, πt is strongly continuous on
L2(A). A similar argument using approximation of square integrable functions by Schwartz-
Bruhat function shows that (πt)t>0 is a semi-group on L
2(A). In particular, reuse the
notation for α and β to obtain for any positive real numbers t and s the estimate
||πt+sβ − πtπsβ||2 = ||πt+sα− πtπsα + πt+s(β − α)− πtπs(β − α)||2
≤ ||πt+sα− πtπsα||2 + ||πt+s(β − α)||2 + ||πtπs(β − α)||2
= ||πt+s(β − α)||2 + ||πtπs(β − α)||2 < 2||β − α||2 < ε.

Lemma 5.3. The infinitesimal generator for (πt)t>0 is −HA.
Proof. Suppose that α is in SB(A). The law of total probability implies that
(π0tα)(x) =
∫
DA[0,∞)
α(ω(t)) dPAx (ω)
=
∫
A
{∫
DA[0,∞)
α(ω(t)) dPAt,x,y(ω)
}
ρ(t, x− y) dy
=
∫
A
α(y)ρ(t, x− y) dy = (ρ(t, ·) ∗ α)(x).
Utilize the “little o” notation. There is a function Rt on A such that |Rt(·)| equals o(t)
uniformly in the variable in A and
FA(ρ(t, ·) ∗ α) =
(
e−tM
)FA(α)
= (1− tM+Rt)FA(α)
= FA(α)− t(MFA)(α) + (RtFA)(α).
Take the inverse Fourier transform to obtain the equality
ρ(t, ·) ∗ α = α− t∆Aα + (F−1A Rt) ∗ α,
where
(30)
∣∣∣∣(F−1A Rt) ∗ α∣∣∣∣ = o(t)||α||.
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There is a function E(t) on A such that
(31) |E(t)| = o(t)
holds uniformly in the starting point x of the path ω and
(32) e−
∫ t
0 v(ω(s)) ds = 1−
∫ t
0
v(ω(s)) ds+ E(t).
Equation (32) implies that
(πtα)(x) =
∫
DA[0,∞)
e−
∫ t
0
v(ω(s)) ds α(ω(t)) dPAx
=
∫
DA[0,∞)
(
1−
∫ t
0
v(ω(s)) ds+ E(t)
)
α(ω(t)) dPAx
=
∫
DA[0,∞)
α(ω(t)) dPAx −
∫
DA[0,∞)
(∫ t
0
v(ω(s)) ds
)
α(ω(t)) dPAx
+
∫
DA[0,∞)
E(t)α(ω(t)) dPAx .(33)
Expand the following difference quotient using (33) to obtain the equalities
(πtα)(x)− α(x)
t
=
1
t
{∫
DA[0,∞)
α(ω(t)) dPAx
−
∫
DA[0,∞)
(∫ t
0
v(ω(s)) ds
)
α(ω(t)) dPAx +
∫
DA[0,∞)
E(t)α(ω(t)) dPAx
}
=
1
t
{
− t(∆Aα)(x) +
((F−1A R(t)) ∗ α)(x)
−
∫
DA[0,∞)
(∫ t
0
v(ω(s)) ds
)
α(ω(t)) dPAx +
∫
DA[0,∞)
E(t)α(ω(t)) dPAx
}
.
Given (30) and (31), to show that the restriction of the infinitesimal generator of πt to the
adelic Schwartz-Bruhat functions acts as −HA on this space, it suffices to show that
(34)
1
t
∫
DA[0,∞)
(∫ t
0
v(ω(s)) ds
)
α(ω(t)) dPAx → v(x)α(x)
as t tends to 0 from the right.
Since both α and v are Schwartz-Bruhat functions on A, there are natural numbers N
and n so that on the set U with
U =
N∏
i=1
Bp−ni
(xi)×
∞∏
i=N+1
Zpi,
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the functions α and v are constant and respectively equal to α(x) and v(x). Denote by Bt
the set of all ω in D([0,∞) : A) that remain in U for all s in [0, t]. Since ∑∞i=1 σiαi is finite,
Proposition 3.1 implies that
lim
t→0+
P (Bt) = lim
t→0+
N∏
i=1
e−σiαitp
nb
i
∞∏
i=N+1
e−σiαit
≥ lim
t→0+
N∏
i=1
e−σiαitp
nb
i e−t
∑
∞
i=1 σiαi → 1
as t tends to 0 from the right. Consequently,
(35) lim
t→0+
P (Bt) = 1 and lim
t→0+
P (DA[0,∞) \Bt) = 0.
To calculate the limit (34), write the integral on the left hand side of (34) as a sum of
integrals over a disjoint partition of DA[0,∞) given by
1
t
∫
DA[0,∞)
(∫ t
0
v(ω(s)) ds
)
α(ω(t)) dPAx (ω)
=
∫
DA[0,∞)
(1
t
∫ t
0
v(ω(s)) ds
)
α(ω(t)) dPAx (ω)
=
∫
Bt
(
1
t
∫ t
0
v(ω(s)) ds
)
α(ω(t)) dPAx (ω)
+
∫
DA[0,t]\Bt
(
1
t
∫ t
0
v(ω(s)) ds
)
α(ω(t)) dPAx (ω).(36)
As Schwartz-Bruhat functions, both v and α are respectively bounded in absolute value by
constants K1 and K2. Use these bounds to estimate the second term of (36) by∣∣∣∣
∫
DA[0,∞)\Bt
(
1
t
∫ t
0
v(ω(s)) ds
)
α(ω(t)) dPAx (ω)
∣∣∣∣ ≤
∫
DA[0,∞)\Bt
(
1
t
∫ t
0
K1 ds
)
K2 dP
A
x (ω)
=
∫
DA[0,∞)\Bt
K1K2 dPx(ω)→ 0
as t tends to 0 from the right. For any path ω in Bt, v(ω(s)) and α(ω(s)) are respectively
equal to v(x) and α(x) as long as s is in [0, t], implying that∫
Bt
(
1
t
∫ t
0
v(ω(s)) ds
)
α(ω(t)) dPAx (ω) =
∫
Bt
(
1
t
∫ t
0
v(x) ds
)
α(ω(t)) dPAx (ω)
=
∫
Bt
v(x)α(x) dPAx (ω)→ v(x)α(x)
as t tends to 0 from the right. Taking the sum of limits of both terms of (36) proves (34).
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Since (πt)t>0 is self adjoint, its infinitesimal generator is a self adjoint operator. Its in-
finitesimal generator restricted to SB(A) is −HA, and −HA is essentially self adjoint on
SB(A). Therefore, the infinitesimal generator of (πt)t>0 is −HA.

Theorem 5.4. The semigroup (πt)t>0 is equal to the semigroup
(
e−tHA
)
t>0
.
Theorem 5.4 is the Feynman-Kac formula for the semigroup
(
e−tHA
)
t>0
. The fact that
this semigroup is a semigroup of integral operators whose kernels are integrals over adelic
brownian bridges follows as a corollary of this theorem.
Proof. Young’s convolution inequality, together with the fact that v is non-negative, implies
that the semigroup (πt)t>0 is a contraction semigroup. Since strongly continuous contrac-
tion semigroups with equal infinitesimal generators are equal, Lemma 5.1, Lemma 5.2, and
Lemma 5.3 together imply the theorem. 
A simple adelic potential function is a function v on A that is a sum
v =
∑
i
τiv˜i
where for each i, vi is a Schwartz-Bruhat function on Qpi and
v˜i(x) = vi(xi),
the functions vi are uniformly bounded in i, and (τi) is summable. As a shorthand, denote
henceforth by vi the function τivi. An adelic potential, V , is simple if it is the potential
associated to a simple adelic potential function. To compress notation, denote below by
Di[0,∞) the path space D([0,∞) : Qpi).
Lemma 5.5. If v is a simple adelic potential function and x and y are in A, then∫
DA[0,∞)
∏
i∈N
e−
∫ t
0
vi(ωi(s)) ds dPAt,x,y(ω) =
∏
i∈N
∫
Di[0,∞)
e−
∫ t
0
vi(ωi(s)) dP it,xi,yi(ωi).
Proof. Since v is bounded on A, for all ε greater than 0 there is a natural number N1 and a
function e1 on N such that N is larger than N1 implies that∣∣e1(N)∣∣ < ε
and ∫
DA[0,∞)
∏
i∈N
e−
∫ t
0 vi(ωi(s)) ds dPAt,x,y(ω)
=
∫
DA[0,∞)
∏
i≤N
e−
∫ t
0 vi(ωi(s)) ds ·
∏
i>N
e−
∫ t
0 vi(ωi(s)) ds dPAt,x,y(ω)
=
∫
DA[0,∞)
∏
i≤N
e−
∫ t
0 vi(ωi(s)) ds · e−
∫ t
0
∑
i>N vi(ωi(s)) ds dPAt,x,y(ω)
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=
∫
DA[0,∞)
∏
i≤N
e−
∫ t
0 vi(ωi(s)) ds(1 + e1(N)) dP
A
t,x,y(ω)
=
∫
D[0,∞)
∏
i≤N
e−
∫ t
0
vi(ωi(s)) ds(1 + e1(N)) dPt,x,y(ω)
= (1 + e1(N))
∏
i≤N
∫
Di[0,∞)
e−
∫ t
0
vi(ωi(s)) ds dP it,xi,yi(ωi),(37)
where Theorem 4.5 implies the penultimate equality and Fubini’s theorem implies the ulti-
mate equality. There is, furthermore, a natural number N2 and a function e2 on N so that
N is larger than N2 implies that ∣∣e2(N)∣∣ < ε
and
(38)
∏
i>N
∫
Di[0,∞)
e−
∫ t
0 vi(ωi(s)) ds dP it,xi,yi(ωi) = (1 + e2(N)).
Equalities (38) and (37) together imply that if N is larger than the maximum of N1 and
N2, then∣∣∣∣∣
∫
DA[0,∞)
∏
i∈N
e−
∫ t
0
vi(ωi(s)) ds dPAt,x,y(ω)−
∏
i∈N
∫
Di[0,t]
e−
∫ t
0
vi(ωi(s)) ds dP it,xi,yi(ωi)
∣∣∣∣∣
=
∣∣∣∣(1 + e1(N))∏
i≤N
∫
Di[0,∞)
e−
∫ t
0 vi(ωi(s)) ds dP it,xi,yi(ωi)
−
∏
i≤N
∫
Di[0,∞)
e−
∫ t
0 vi(ωi(s)) ds dP it,xi,yi(ωi)− e2(N)
∣∣∣∣
=
∣∣∣∣e1(N)∏
i≤N
∫
Di[0,∞)
e−
∫ t
0
vi(ωi(s)) ds dP it,xi,yi(ωi)− e2(N)
∣∣∣∣
≤ |e1(N)| + |e2(N)| < 2ε.
The arbitrary choice of ε implies that∫
DA[0,∞)
∏
i∈N
e−
∫ t
0
vi(ωi(s)) ds dPAt,x,y(ω) =
∏
i∈N
∫
Di[0,∞)
e−
∫ t
0
vi(ωi(s)) dP it,xi,yi(ωi).

Suppose that vi is a positive, bounded, continuous function on Qpi and that the potential
Vi acts on functions α in SB(Qpi) by
(Viα)(xi) = v(xi)α(xi).
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Define by Hi the Schro¨dinger operator
Hi = ∆i + Vi.
The results of [15] specialize to the case of scalar potentials on Qpi and imply that for any
positive t and xi in Qpi, if(
πitα)(xi) =
∫
Di[0,∞)
e−
∫ t
0 vi(ω(s)) dsα(ω(t)) dP ixi(ωi),
then (
πit
)
t>0
=
(
e−tHi
)
t>0
.
Furthermore,(
πitα
)
(xi) =
∫
Qpi
{∫
Di[0,∞)
e−
∫ t
0
vi(ω(s)) ds dP it,xi,yi(ωi)
}
ρi(t, xi − yi)α(yi) dyi
=
∫
Qpi
kit(xi, yi)α(yi) dyi,
where
(39) kit(xi, yi) =
{∫
Di[0,∞)
e−
∫ t
0
vi(ω(s)) ds dP it,xi,yi(ωi)
}
ρi(t, xi − yi).
Theorem 5.6. If V is a simple adelic potential, then (πt) is a semigroup of integral operators
whose kernel, kt, is a product of the kernels k
i
t of the semigroups (π
i
t).
Proof. Denote for each positive t respectively by kit on Qpi×Qpi and kt onA×A the functions
given by (39) and by
kt(x, y) =
{∫
DA[0,∞)
e−
∫ t
0
v(ω(s)) ds dPAt,x,y(ω)
}
ρ(t, x− y).
Since v is a simple adelic potential function, there are Schwartz-Bruhat functions (vi) so that
for each x in A, v(x) is the sum
v(x) =
∑
i
vi(xi).
For any Schwartz-Bruhat function α, represent v by the given sum to obtain the equalities(
πAt α
)
(x) =
∫
DA[0,∞)
{∏
i∈N
e−
∫ t
0
vi(ωi(s)) dsα(ω(t))
}
dPAx (ω)
=
∫
A
{∫
DA[0,∞)
∏
i∈N
e−
∫ t
0 vi(ωi(s)) dsα(ω(t)) dPAt,x,y(ω)
}
ρ(t, x− y) dy
=
∫
A
{∫
DA[0,∞)
∏
i∈N
e−
∫ t
0 vi(ωi(s)) ds dPAt,x,y(ω)
}
α(y)ρ(t, x− y) dy
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=
∫
A
∏
i∈N
{∫
Di[0,∞)
e−
∫ t
0
vi(ωi(s)) dP it,xi,yi(ωi)
}
α(y)ρ(t, x− y) dy(40)
=
∫
A
∏
i∈N
kit(xi, yi)α(y) dy,
where Lemma 5.5 implies (40).

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